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Summary 


The present note concerns a retroactive resistance-capacity-coupled 
triode amplifier, consisting of three (or more) instead of the usual two 
stages as in the multivibrator. The analysis and the experiment show 
that such a three stage circuit produces again oscillations, but this time of 
a very nearly sinusoidal waveform over a wide range of retroaction, but 
again the time period is determined by a relaxation time. With such a 
system it is relatively simple to produce on the one hand sinusoidal os- 
cillations of a period of the order of a quarter or half an hour, in which case 
it may take a full day for the system, starting with infinitesimal ampli- 
tude, to reach the final steady state. On the other hand it may be made to 
generate oscillations of the usual radio frequencies. The slowest ordinary 
LC oscillations so far producable with big L’s and.C’s have a time period 
of the order of 1 sec. The present system therefore extends by a factor say 
1500 or more the lower end of the practical range of sinusoidal oscillations. 
Considering the higher range of frequencies, it was thus found possible to 
construct a sharply tunable radio receiver without any inductance coils 
whatever. 

A full analysis both linear and non-linear is given of this system, to- 
gether with some oscillograms obtained with a recording milliammeter. 

The relation of the present system. with one, producing relaxation 
oscillations, is pointed out. 


§ 1. Introduction 


In a former paper) an analysis was given of the oscillations 
produced in a two stage resistance-capacity coupled triode amplifier, 
when the output side was coupled back to the inputside. This system 
is known as the multivibrator. The analysis lead to a study of os- 
cillations, the time period of which is determined by a typical re- 
laxation time (CR). But moreover the oscillations were of the type, 
where once. or twice during a period the system becomes unstable 
and thus the potentials show sudden jumps. These kind of oscil- 
lations were called relaxation oscillations and it is suggested that 
this name should be retained for this kind of oscillations. 


1) Balth. van der Pol, Over ,,Relaxatietrillingen”, Tijdschr. v.h. Ned. Rad. 
Gen., 3, 25, 1926 en 3, 94, 1927; Zts. f. Hochfreq. Techn., 28, 127, 1926, 29, 114, 1927, 
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It was further shown that, when the retroaction was brought near 
the critical value, sinusoidal oscillations occurred and in fact there is 
a continuous transition from relaxation oscillations to sinusoidal 
oscillations. It appeared that with increasing retroaction a sinusoidal 
system could gradually be brought to a relaxation system. The 
change from sinusoidal oscillations to relaxation oscillations then 
occurred in a rather rapid way. 

. The present note concerns also a retroactive resistance-capacity 
coupled triode amplifier, but consisting of three (or more) instead of 
two stages. The analysis and the experiment show that such a three 
Stage circuit produces again oscillations, but this time of a very 
nearly sinusoidal waveform over a wide range of retroaction, but 
again the time period is determined by a relaxation time. With such 
a system it is relatively simple to produce on the one hand sinusoidal 
oscillations of a period of the order of a quarter or half an hour, in 
which case it may take a full day for the system, starting with 
infinitesimal amplitude, to reach the final steady state. On the other 
hand it may be made to generate oscillations of the usual radio fre- 
quencies. The slowest ordinary. LC oscillations so far producable 
with big L’s and C’s have a time period of the order of | sec. The 
present system therefore extends by a factor say 1500 or more the 
lower end of the practical range of sinusoidal oscillations. Considering 
the higher range of frequencies, it was thus found possible to con- 
struct a sharply tunable radio receiver without any inductance coils 
whatever. When adjusted to a time period of the order of 3 sec, an 
ordinary recording volt- or amperemeter is a very convenient in- 
strument to study the behaviour of the system when oscillating 
slowly. When two such systems of nearly the same period are set up 
and when the one is acting on the other, the registration of the volt- 
meter shows very nicely the automatic synchronisation of an oscil- 
lator under the influence of an external periodic E. M. F. 

Finally, as the phase difference between successive stages is 120°, 


the three anode currents can be used to produce a rotating magnetic 
field. 


§ 2. Linear theory 
In order to expound roughly the general properties of the circuit +) 


1) The first reference to retroactive resistance coupled amplifiers we are aware of is in 
a patent by Brillouin and Beauvais. Fr. Pat. 493 332, See also; Tank and 
Graf, Helv. Physica Acta 1, 508, 1928. 
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we first consider its linear theory. The system is depicted in fig. 1, 
where three tetrodes are shown, coupled by means of the elements 7 
and C, while also grid leaks R are provided. The system is supposed 
to possess a complete threefold symmetry. ff the anode resistances 7 
are supposed to be small in comparison with the internal differential 


Fig. 1 Circuit producing sinusoidal oscillations of a time period T œ 11 GR. 


resistance of the tetrodes, and calling the variable part of the grid 
potential of the wth stage v,, we have 


ty, = SV, 
where S is the slope and ż, the variable part of the anode current in 
the n’th stage. 


If we further assume the grid leak resistances R > 7, and ignore 
grid currents, the ordinary Kirchhoff lawsgive: 


(D + ce) m+ SD =0, (1) 

(D + a) m+ Sr Dm =0, (2) 

(D E = EE E (3) 
where 


The determinant of (1), (2) and (3) is 


(DS7)? + (D 4 l =i6 (4) 
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or 
] = 
{pu +S + ap} {(S4?—Sr+ 1) D+ a (2—Sr) D+ aaa 0. (5) 


Considering the last factor first, it is clear, that a sinusoidal solution 
of angular frequency w is possible, if 
Sr =2 (6) 
and then 
i 
OGRE (7) 
and hence the time period T of the oscillations becomes 
T= > 2m VCR esi OR 
Thus e.g. taking C = l5uFd and R = 10 megohm, we obtain: 
T = 11-15 10~*- 10 10% = 1650 sec = 28 minutes. 
The relation 
Sr =2 (6) 


provides the condition for zero damping for two of the roots of (4). 
The third root (given by the first factor of (5)) shows that with this 
condition (6) a transient may simultaneously exist in the linear 
theory, which dies away as 


i 
{1+Sr) CR =e 3CR (8) 


e 


Hence, during the time of one complete oscillation, this transient (8) 
has its amplitude reduced to 


_ 2r V3 CR 
e 3R — 2363 — 0.027 


i.e. to 1/37 of its original value, and hence this transient cannot be 
expected to play an important role when the system is oscillating. 
The physical interpretation of the transient (8).is clearly seen from 
the original equations (1), (2) and (3) and simply means, that for this 
transient 

v = 0g = U3 (9) 
i.e. all three stages move together in phase. Thus exactly the same 
transient would be obtained if we considered one retroactive stage 
only. 
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As to the oscillatory solution 
eit (1 0) 
given by (6) and (7) it follows from (1), (2) and (3), that the three 
stages do move again with the same amplitude, but with a phase 
retardation of 2n/3 = 120° between successive stages. Hence for 
this oscillatory mode we have: 


v = Bide Vi, 
v = EP" Y, (11) 
v = eR y, 
On the other hand the transient solution (8) can be made to die 
away more slowly by inserting a resistance p in the common anode 


lead as shown in fig. la. This common resistance does influence the 
transient, but does not affect the oscillatory solution (10). 


Fig. la Circuit like that of fig. 1, but with inserted common extra 
resistance p influencing the transient. 


§3. Non linear theory 


We next consider a non linear treatment of our circuit. We as- 
sume the anode current 1, to be the following non linear function of 
the grid potential v, (deviations round an equilibrium position being 
considered only) : 

4, = & Va, — Y U3; (12) 
so that « corresponds to S in the linear theory. 

(1), (2) and (3) are thus replaced by 


d ] d 
(f+ oR) Mas trg (x va — y v3) = 0 


n = L23 (v4 = v). 


(13) 
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This system of differential equations is, with an obvious trans- 
formation, reducable to: 


d d 

(E i) yte o=o, | 

d d 

($ + i)ys +e Z o—y =0, | (13a) 
d d 

(E+ 1)» Fer Cay =o | 


The general solution of the three equations (13) leads to con- 
siderable difficulties, but if we assume ab initio a phase difference of 
2x/3 to occur between successive stages, an approximate solution of 
the three equations (13) is provided by 


vı = a(t) cos wt ; 


v, = a(t) cos (wt — C n), 


3 (14) 


4 
v3 = a(t) cos (wt — 3%) 


where a () is a slowly variable function of the time ź, i.e. 
u Kwa. 

A further analysis shows that the amplitude of the higher har- 
monics is negligeable compared with the fundamental. 

If we substitute (14) in (13) and ignore higher harmonics, we 
obtain 

' l 
CSTR ) 
and 
da 2 


3 2 
G3 er —2— Fre) = 0, 


the solution of which is: 


4 2 I 
ay («—4) Tp ear 18) 


Thus, for ¢-> oo, (15) leads to the stable final amplitude 


4g. 2) 
2 Ey 
a= or 
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Hence, if we restrain the phasedifferences between successive stages 
to be 27/3 the system behaves exactly as a sinusoidal system of one 
degree of freedom. 


§ 4. Extension of the linear theory to more circuit elements 


In § 2some assumptions were made with respect to the magnitude 
of some circuit elements, and others were ignored altogether. In the 
present paragraph a linear theory will be considered including more 
of these circuit elements and with less restrictions as to their magni- 
tude. 


Fig. 2 One stage of a three-stage circuit like fig. 1 with all 
circuit elements taken into account. 


Let, fig. 2, in which one stage only out of the three is depicted, R, 
be the internal anode differential resistance, C, the cathode-anode- 
and C, the cathode-grid capacity coefficient, and g the amplification 
factor, then it easily follows, with D = 7 œw, that (1); (2) and (3) are 
extended to 


Png 
8%, 
oe l n 
R r (142) + R (1 E) ti (o IEEE Rr) 
where 
EEEE S 
Ro r a 


Defining the two times T, and T; by 


— 7'R3 (Cı Co + C2C3 + C3C)) 
(Cy + Ca) + Rs (Co + Cy) ’ (17) 


T2=7' (Ci + Ca). + R (C2 + Ca) 


T 
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and calling further 
1a (GHG, SEO 1 
r* ~ R; R, C- 
(16) can be written: 
Unti = —Sr* ae ee 
Un . l (18) 
or 
Un+ı MEEN * l 9 
Up ad bey A (19) 
where 
l 
A = @ Ti — wr, (20) 
Hence for three coupled stages we obtain: 
—Sr*3 
Fea) =e (21) 
leading to 
Sr* = 2, (6’) 
At = 3, (7’) 


which is the analogy of (6) and (7). 
(7') together with (20) yield the following equation, determining 


the frequencies: l 
fi l 
272 1 = 
w* T? — 2 T, + TE 3. (22) 


This equation has two roots: w? and w, and hence it follows from 
the present extended theory, that two different frequencies may occur 
with the same condition (6’), which the parameters must fulfil in 
order to make the system oscillate. When, as will be often the case 
in practice 

T:> T, 


the two angular frequencies w, and œ, are widely separated. They 
are then given by 
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If further the angular frequency for which the system, regarded 
as an amplifier gives v, = — V,+ Is called wo, we have 

1 
@ T2 
and hence from (21) it follows that exactly 


A = w Ti — = 0 


01 @2 = 0}, 
or, in words, the two possible frequencies w, and w have as their 
geometric Mean ap. 

The experiment has shown, that either w, or w, occurs in the 
system. As may be expected from a non linear theory, they do not 
occur simultaneously, but experimentally the one frequency or the 
other can be suppressed by introducing small asymmetries in the 
system. 


§5. Experimental results 


Apart from the experimental results already quoted in § 1, 
Introduction, the following may be mentioned. 

The three stage circuit was adjusted to a fundamental frequency 
of n = 500 sec—!. A careful experimental analysis was made of the 
procentual magnitude of the amplitude of the higher harmonics. 
With the following data e.g. using three Philips B 405 tubes: 


r = 20002 
C = 3200 pu F 
R = 50000 Q 


and the retroaction finely adjusted by means of the common grid 
bias, the amplitude of the second and third harmonic were found to 
be equal to 2% and 3% resp. of the first harmonic (fundamental), 
while the oscillating amplitude of the anode currents was of the order 
of half the average anode current. 

Further, as another instance, in fig. 3, we reproduce an oscillo- 
gram, taken with a recording milliammeter. This ,,oscillogram”’ 
lasted from about 9 o’clock in the morning till 8 o’clock at night. 
One complete cycle thus lasted about 6,5 minutes. 

It may further be noted, that a very similar circuit as the three 
stage circuit described and analized above is as shown in fig. 4, 
although the formal analysis of this circuit is somewhat more com- 
plicated than the system considered in this note. 
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Some further experiments with more stages showed that for any 
even number of stages the system produces relaxation oscillations. 
This is due to the fact, that the critical value of retroaction in this 
case is given by 


Fig. 3 The building-up of a sinusoidal osciliation of a time period 
of 64 minutes. Total duration of oscillogram 11 hours. 


so that e.g. in a sytem with 6 stages relaxation oscillations build up 


1) le. see § 1. 
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either before sinusoidal oscillations can occur at all (2 > Sr > 1), 
or before they have had time to develop (Sr > 2). 


Fig. 4 Alternative circuit to fig. 1. 


Moreover, when the number of stages is 7, and is not a prime, 
the system will oscillate in that mode, which corresponds to the 
smallest factor of n, because this is the mode for which the critical 
retroaction is reached first. Hence, this mode will build up before 
other oscillations can develop, and due to the non linearity of the 
system, the other modes of oscillation are suppressed by the presence 
of the one with the shortest building-up time. 


Fig. 5 Slow oscillations of the circuit of fig. 1 under the influence of an 
external periodic e.m.f. of a time period slightly different from the 
natural period of the system 


These phenomena seem to play a part in unwanted oscillations, 
which sometimes occur in a multiple stage resistance coupled 
amplifier. 

Again in another experiment a second three stage system was 
built with approximately the same period as the first. The second 
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system acted on the first through an extra triode, so that there 
was no reaction from the second system on the first. Thus the first 
system oscillated under the influence of an external E. M. F. of a 
frequency near its own. The production of considerably distorted 
,beats’’ is clearly shown (figs. 5 and 6). Asis well known, this distorsion 
is due to the non linearity of the system. An approximate theory of 


these phenomena was given by one of us +) and the phenomenon 
was shown to consist of a partial or total suppression of the free 
oscillation due to the forced one. Obviously such a state of affairs is 
only possible in a non linear system. Lateron a more rigorous 
treatment, from the mathematical point of view, was given by 
Kryloff and Bogoliuboff?) and Mandelstam and 
Papalex1). 

Finally we wish to thank Mr. G. Hepp for his very able assistance 
in preparing and performing the experiments. 


Eindhoven, 20th February 1934 4). 


1) Balth. van der Pol, Tijdschr. v.h. Ned. Rad. Gen. 2, 57, 1924, also Phil. 
Mag. 3, 65, 1927. 

2) Comptes Rendus de l’Académie des Sc. de Paris, 194, 957, 1064, 1119 (1932). 
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4) Paper communicated by the „Nederlandsch Radio Genootschap’”’. 


